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OPTIMAL DECISION MAKING FOR WELL INTERVENTIONS UNDER

UNCERTAINTY

R.A. ALIEV 1, H.G. HAJIYEV 2, O.H. HUSEYNOV 1

Abstract. Decision making in real-world problems takes place in an environment of imprecise

probabilities. As a result, the decision theory based on classical probability is not an adequate

tool for such cases. In this paper we consider the problem of decision making for carrying out of

geological and engineering operations in oil extraction when relevant information is described by

interval-valued probabilities. Decision making is based on the use of utility function described

as Choquet integral with a lower probability as a non-additive measure. The obtained results

show applicability of the proposed approach.

Keywords: imprecise probability, non-additive measure, Choquet integral, utility function, oil
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1. Introduction

Optimization of oil field development performances and producing well operational conditions

are one of the key issues in the oil extraction processes. For this purpose, various measures are

taken at all stages of field development, particularly at the final stage. All additional measures

taken at this stage are focused on the increase in overall oil production and therefore improvement

of engineering and economic performances. For this purpose, carrying out of geological and

engineering operations in parallel with routine work is of special importance.

One of the most advanced methods of regulation of producing well technological process

parameters and optimization of their flow rate is the injection of polymeric solutions into the

space behind the well bore [11]. Injection of polymeric solutions into the well reduces hydraulic

losses in the well bore, facilitates flowing of mixtures (oil, gas, water) entering from strata

through the bore, creates favorable conditions for normal operation of the lift and as a result

promotes increase in the well productivity.

However implementation of any operation and obtaining positive results in the oil extraction

practice depend on the right choice of a well. Thus, first of all, well’s condition should be normal

and meet appropriate requirements for implementation of any operations, otherwise, effectiveness

of such operations will be inadequate. Thus, the problem consists in determination of the number

of producing wells in the oil production enterprise’s stock for which well intervention will be

carried out, i. e. the total number of wells. As experience shows, it is impossible to obtain

high efficiency for all wells in the result of intervention. In certain cases a decrease in capacity
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of 10-15 % of wells under intervention is observed. In this context, it is important to make the

right decision on carrying out of intervention and to determine an optimal number of wells.

One of the main factors that complicates decision making on a choice of an optimal number

of wells is imprecision of relevant information. Indeed, information on amount of oil production

and related probabilities is naturally imprecise. In such cases, the use of the classical probability

theory based approaches of decision making [7, 17] is inadequate. The issue is that in decision

making with imprecise probabilities, human beliefs exhibit non-additivity property. Decision

making with imprecise probabilities and non-additive beliefs constitute nowadays a wide area

of research aimed at dealing with real-world problems [6, 8, 12, 25]. In this paper we consider

a problem of decision making on a choice of an optimal number of oil wells when decision

relevant information is described by interval-valued outcomes and probabilities. For solving the

considered decision making problem, an interval-valued Choquet integral based utility function

is used. The paper is structured as follows. In Section 2 we provide necessary prerequisite

material to be used in the study. In Section 3 we formulate a problem of decision making with

interval-valued information. Section 4 is devoted to the decision making approach based on

the use of a utility function described as an interval-valued Choquet integral. A real world

application of the approach to decision making on a choice of an optimal number of oil wells is

proposed in Section 5. Section 6 is conclusion.

2. Preliminaries

Denote S = {S1, ..., Sn} a set of states of nature in a decision making problem and FS a

σ-algebra of subsets of S.

Definition 2.1. Interval probability [12]. The intervals P (Si) =
[
pi, pi

]
i = 1,. . . , n

are called the interval probabilities of S if for any pi ∈
[
pi, pi

]
there exist p1 ∈

[
p1, p1

]
, . . . ,

pi−1 ∈
[
p
i−1

, pi−1

]
, pi+1 ∈

[
p
i+1

, pi+1

]
,. . . pn ∈

[
p
n
, pn

]
such that

∑n
i=1 pi = 1

In this definition pi denotes a basic probability, i. e. a numeric probability from an interval

P (Si) =
[
pi, pi

]
.

From Definition 1 it follows that in contrast to numerical probabilities, interval probabilities

cannot be directly assigned. The issue is that the requirement to numerical probabilities to sum

up to one must be satisfied throughout all the probability intervals. Sometimes, interval proba-

bilities P (Si) = Pi can be directly assigned to n−1 states of nature S1, S2, ..., Sj−1, Sj+1, ..., Sn.

Then an interval probability P (Sj) = Pj for the rest one state of nature Sj will be calculated

on the basis of these probabilities.

Definition 2.2. Interval probability of a subset of S = {S1, ..., Sn} [12]. Let S =

{S1, ..., Sn} be the states of nature and let the interval probabilities P (Si) =
[
pi, p̄i

]
i = 1,. . . ,

n of the elements of S be given. The interval probability of a subset H of S is P (H) =
[
p, p̄

]
where the lower and upper bounds are defined as follows:

p =
∑

j, Sj∈H
pj → min,

subject to

p
j
≤ pj ≤ p̄j ,

p1 + ...+ pn = 1
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and

p̄ =
∑

j, Sj∈H
pj → max,

subject to
p
j
≤ pj ≤ p̄j ,

p1 + ...+ pn = 1,

where pj ∈ P (Sj) , P (Sj) =
[
p
j
, p̄j

]
.

Definition 2.3. Non-additive measure [22]. A set function η : F → [0, 1] is referred to as

a non-additive measure if it satisfies the following:

(1) η (∅) = 0

(2) ∀H, G ∈ F, H ⊂ G, implies η (H) ≤ η (G)

(3) η (S) = 1

Definition 2.4. Choquet Expected Utility (CEU). Choquet Expected Utility [22] is a utility

model which is able to describe non-additivity of preferences. One of the main reasons of this

non-additivity is imprecise information on probabilities. A value of utility of alternative f in

CEU model for finite set of states of nature S = {S1, ..., Sn} CEU is described as follows:

U (f) =
n∑

i=1

(
u
(
f
(
S(i)

))
− u

(
f
(
S(i+1)

)))
η
({

S(1), ..., S(i)

})
,

where i in the index of the states S implies that they are permuted such that u
(
f
(
S(i)

))
≥

u
(
f
(
S(i+1)

))
, and u

(
f
(
S(n+1)

))
= 0 by convention.

3. Statement of the problem

The primary objective of carrying out of well interventions in oil extraction processes is to

obtain high revenue by increasing oil production. The basis of this process management consists

in oil production increase maximization (and accordingly increase in revenue) and investment

risk minimization [13].

Effectiveness of the methods applicable for improving well operation conditions to a large

extent depends on accurate determination of the total number of wells where research will be

conducted. In addition, although long-term operation of wells is impossible due to carrying out

of various operations, no general procedure was developed for current operations effectiveness

estimation. In such conditions, determination of appropriate volume of intervention in the

producing well stock has come to the fore as the major practical issue. In addition, currently

there are practically no criteria for determination of an optimal number of wells which would

take into account engineering and economic parameters for taking various well productivity

optimization measures.

Thus, a need arises in decision making on determination of an optimal number of wells to

improve wells productivity. The considered problem is a problem of decision making under

uncertainty characterized by imprecise decision relevant information. More concretely, for each

available option (alternative number of wells) possible outcomes (oil production) and their prob-

abilities are naturally imprecise. Thus, we will consider determination of an optimal number of

well in case of the highest increase in well flow rate [16] as a problem of decision making with

interval-valued information.

The considered problem of decision making can be formalized as 4-tuple (S, P, A, X, ≻)

[2, 22]: S = {S1, ..., Sn} is a space of mutually exclusive and exhaustive states of nature that
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describe possible objective conditions which determine oil production; P is a distribution of

interval probabilities of states of nature, P (Si) , i = 1,. . . , n, Si ∈ S ; X is a set of interval-

valued outcomes (oil production); A is a set of alternatives (alternative number of wells) that

are FS - measurable functions f : S → X where FS is a σ-algebra of subsets of S, B ⊂ S . ≺ is a

non-additive preference relation over A which satisfy the properties of weak order, transitivity,

continuity, comonotonic independence, monotonicity and non-degeneracy [2, 22].

The problem is to determine preferences ≻ among alternatives A.

4. Solution of the problem

Today the theory of decision making is described by various mathematical methods. One

of the most important parts of the theory of decision making is the utility theory. The utility

models based on the Choquet integral are among the most effective utility functions [15]. It

is more adequate for modeling decision-maker (DM) behavior because it is based on the use of

non-additive measures and not on probability measures [5, 9, 10, 14, 18, 19, 20, 23, 26]. The

model can reflect a number of typical properties associated with risk and uncertainty attitude of a

DM. Alternatively, most available utility models assume that the utility function and probability

distribution are precisely known. Studies [1, 2, 3, 4] suggest new decision models which allow

to solve decision making problems characterized by imprecise decision relevant information.

These models are based on a fuzzy valued Choquet integral. We will apply this model to the

considered decision making problem characterized by interval-valued information. The interval-

valued Choquet integral based utility of an alternative fi ∈ A is described as follows:

U (fi) =

m∑
j=1

(
Xi (j) −Xi (j+1)

)
η {(1),...,(j)},

where η {(1),...,(j)} is a non-additive measure, Xi (j) = fi
(
S(j)

)
is an interval-valued outcome

of alternative f i at a state S(j), () index means that Xi (j) values are enumerated such that,

Xi (j) ≥ Xi (j+1) and Xi (m+1) = 0 by convention. By means of this measure non-additivity

of DM’s preferences under ambiguity (e. g. a safe to a certain extent decision or a risky to a

certain extent decision made under uncertainty) can be modeled.

Let us assume that a DM wants to make a safe choice under interval valued information on

probabilities P (Si) =
[
pi, p̄i

]
. Then, a lower probability can be used as a non-additive measure

to describe a DM’s beliefs [24]. In other words, we assume that a DM thinks about the worst

possible case of oil production events within the probability ranges. The lower probability η is

defined as follows:

η
{
S(1), ..., S(i)

}
= p(1) + ...+ p(j) → min,

p
(1)

≤ p(1) ≤ p̄(1),

.

.

.

p
(j)

≤ p(j) ≤ p̄(j),

p(1) + ...+ p(n) = 1.

Here p0 denotes possible numeric probability of S0. As we can see, this problem is the problem

of linear programming.
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Thus, the problem under consideration (choosing an optimal number of wells) is to determine

an alternative with maximal value of the interval-valued utility function U :

U (f∗) = max
fi∈A

U (fi) .

Determination of the maximal value of an interval-valued utility function is based on an appro-

priate method of comparison of intervals.

5. An application

Practical solution of the problem is as follows: let us determine the set of alternatives (the

number of wells) A = f1, f2, f3, f4 : f1 is an intervention in 10 wells, f2 is an intervention in

20 wells, f3 is an intervention in 30 wells, f4 is intervention in 40 wells. States of nature are

considered as possible geological conditions S = S1, S2, S3, S4 which influence outcomes of the

alternatives (oil production). Due to significant uncertainty and imprecision of decision-relevant

information in the considered problem, we consider interval-valued probabilities of states of

nature and interval-valued outcomes of the alternatives. The decision relevant information is

represented in Tab.1.

Table 1. Decision problem with interval-valued information.

S1 S2 S3 S4

f1
X11 = [50, 60]

P11 = [0.2, 0.25]

X12 = [120, 150]

P12 = [0.3, 0.35]

X13 = [190, 200]

P13 = [0.25, 0.32]

X14 = [240, 260]

P14 = [0.1, 0.25]

f2
X21 = [80, 100]

P21 = [0.23, 0.27]

X22 = [130, 155]

P22 = [0.24, 0.27]

X23 = [210, 230]

P23 = [0.29, 0.32]

X24 = [270, 290]

P24 = [0.14, 0.24]

f3
X31 = [110, 120]

P31 = [0.22, 0.26]

X32 = [160, 180]

P32 = [0.27, 0.3]

X33 = [240, 260]

P33 = [0.29, 0.32]

X34 = [285, 310]

P34 = [0.12, 0.22]

f4
X41 = [135, 150]

P41 = [0.21, 0.24]

X42 = [190, 220]

P42 = [0.29, 0.32]

X43 = [270, 300]

P43 = [0.3, 0.33]

X44 = [305, 330]

P44 = [0.11, 0.2]

The interval probabilities used in Tab.1. come from experts’ opinion and the authors’ expe-

rience.

Now, we need to determine utilities of alternatives. Decision making under interval prob-

abilities, is actually characterized by violation of independence of preferences [22]. The use

of Choquet allows to account for this fact to more adequately model real-world human pref-

erences under ambiguity. The main reason is that Choquet integral is based on non-additive

measure. The latter is able to describe non-additivity of human beliefs that underlies violation

of independence. The Choquet integral based utility of alternative f1 will be determined as:

U (f1) =
m∑
j=1

(
X1(j) −X1(j+1)

)
η {(1),...,(j)} =

(
X1 (1) −X1 (2)

)
η {(1)} +

(
X1 (2) −X1 (3)

)
η {(1), (2)}+

(
X1 (3) −X1 (4)

)
η {(1), (2), (3)} +X1 (4) η {(1), (2), (3), (4)}.

Here η {(1),...,(j)} = η
{
S(1), ..., S(j)

}
is used for simplicity of notation.
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Permutation of indices is based on the method of comparison of intervals proposed in [12].

According to this method, for two intervals A1 = [a11, a12] and A2 = [a21, a22], one has A1 ≥ A2

if a11 ≥ a21 and a12≥ a22. Thus, given the information in Tab.1, we will obtain:

U (f1) = (X1 4 −X1 3) η {4} + (X1 3 −X1 2) η {3, 4} + (X1 2 −X1 1) η {2, 3, 4} +X1 1 η {1, 2, 3, 4}.

Utilities of the other alternatives are determined in a similar way. For calculation of utility values

U we will construct measure η as the lower probability (section IV). For example, calculation

of η2,3,4 is as follows:

η {2, 3, 4} = p2 + p3 + p4 → min,

0.3 ≤ p2 ≤ 0.35 ,

0.25 ≤ p3 ≤ 0.3 ,

0.1 ≤ p4 ≤ 0.25 ,

p1 + ...+ p4 = 1.

By solving this problem, we obtain η {2, 3, 4} = 0.75. Similarly, we get: η {3, 4} = 0.4, η {4} = 0.1

and it is clear that η {1, 2, 3, 4} = 1. Then we have:

U (f1) = ( [240, 260]− [190, 200] ) 0.1 + ( [190, 200]− [120, 150] ) 0.65+

( [120, 150]− [50, 60] ) 0.75 + [50, 60] = [115, 174]

for U(f1).

Similarly, we obtain:

U (f2) = [133, 212] ,

U (f3) = [169, 224] ,

U (f4) = [187, 268] .

Having compared the obtained interval utilities by using the method proposed in [12] we get:

U (f∗) = max
fi∈A

U (fi) = U (f4). The optimal alternative is f4. Therefore, interventions carried

out in 40 wells is an optimal action.

Let us compare the obtained results of decision analysis under interval information with the

use of a classical approach. As a classical approach we consider Subjective Expected Utility

model [21]. However, this model is developed for a precise information framework. In this

model it is assumed that a DM subjectively assigns precise probabilities when dealing with

decision problems under ambiguity. Therefore, to apply this model, we need to use precise

values of outcomes and probabilities in the considered problem. So, we consider the following

information (p, x) denote precise values of probabilities and outcomes:

Table 2. Decision problem with precise information.

S1 S2 S3 S4

f1
X11 = 55

P11 = 0.23

X12 = 130

P12 = 0.33

X13 = 195

P13 = 0.27

X14 = 250

P14 = 0.17

f2
X21 = 90

P21 = 0.25

X22 = 140

P22 = 0.25

X23 = 220

P23 = 0.3

X24 = 280

P24 = 0.2

f3
X31 = 120

P31 = 0.22

X32 = 180

P32 = 0.27

X33 = 260

P33 = 0.29

X34 = 310

P34 = 0.22

f4
X41 = 135

P41 = 0.24

X42 = 190

P42 = 0.32

X43 = 270

P43 = 0.3

X44 = 305

P44 = 0.14
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The values of Expected utility for these alternatives are as follows.

U (f1) = 150.7 ,

U (f2) = 179.5 ,

U (f3) = 218.6 ,

U (f4) = 216.9.

As one can see, the best alternative is f3, though it is slightly better than f4. This result

differs with what we obtained when dealing with interval-valued information. Thus, disregarding

of imprecision of the original information (which is always characterized by loss of information)

leads to improper results. At the same time, determination of actual exact probabilities under

interval information is a very time consuming and is not practically suitable.

6. Conclusion

A choice of an optimal number of oil wells is naturally characterized by imprecise information

on possible outcomes and probabilities. Indeed, in such problems neither exact values of oil

production nor related probabilities can be estimated due to geological, geophysical and other

complex factors. In this paper, we use an interval-valued Choquet integral based utility model

to solve the considered choice problem. The applied utility model allows to account for natural

imprecision of decision relevant information and non-additivity of a DM’s beliefs in comparison of

alternatives (alternative number of wells). A real-world decision problem with four alternatives

has illustrated validity and applicability of the applied interval-valued utility model.

References

[1] Aliev, R.A., (2013), Fundamentals of the Fuzzy Logic-Based eneralized Theory of Decisions, Berlin, Heidel-

berg, Springer-Verlag.

[2] Aliev, R.A., Pedrycz, W., Fazlollahi B., Huseynov, O.H., Alizadeh A.V., Guirimov, B.G, (2012), Fuzzy

logic-based generalized decision theory with imperfect information, Inform. Sciences, 189, pp.18-42.

[3] Aliev, R.A., Pedrycz, W., Huseynov, O.H., (2013), Behavioral decision making with combined states under

imperfect information, Int. J. Inf. Tech. Decis., 12(3), pp.619-645.

[4] Aliev, R.A., Pedrycz, W., Kreinovich, V., Huseynov, O.H., (2016), The general theory of decisions, Informa-

tion Sciences, 327(10), pp.125 -148.

[5] Aliyev, R.A., Aliyev, R.R., (2004), Soft Computing (theory, technology and practice), Baku, Chashioghlu,

624p.

[6] Alo, R., de Korvin, A., Modave, F., (2002), Fuzzy functions to select an optimal action in decision theory,

Proceedings of the North American Fuzzy Information Processing Society (NAFIPS), pp.348 -353.

[7] Anscombe, F.J., Aumann, R.J., (1963), A definition of subjective probability, The Annals of Mathematical

Statistics, 34, pp.199-205.

[8] Billot, A., (1992), From fuzzy set theory to non-additive probabilities: how have economists reacted? Fuzzy

Sets Systems, 49, pp.75-90.

[9] Edwards, W., (1954), Probability Preferences among bets with differing expected values, American Journal

of Psychology, (67), pp.55-67.

[10] Finetti B., (1974), Theory of Probability: A Critical Introductory Treatment, 1, Translated by A.Machi and

A.Smith, New York: Wiley.

[11] Grigorashenko, G.I., Zaitsev, Y.V., Mirzadjanzadeh, A.Kh., et al. (1978), Application of Polymers in an Oil

Production, M. Nedra, 216p.

[12] Guo, P., Tanaka, H., (2010), Decision making with interval probabilities, Eur. J. Oper. Res., 203, pp.444-454.

[13] Hajiyev, H.G., Akhundov, M.S., (1983), Criteria for selection of the optimum number of wells to carry out

measures to improve their working conditions. Azerbaijan oil industry, 11, pp.21-24.



80 TWMS J. PURE APPL. MATH., V.9, N.1, 2018

[14] Handa, J. Risk, (1977), Probabilities and a new theory of Cardinal Utility, Journal of Political Economy,

February, 85(1), pp.97-122.

[15] John, D. Hey, Lotito, G., Maffioletti, A., Choquet OK,

http://www.york.ac.uk/depts/econ/documents/dp/0712.pdf.

[16] Koffman, A., For. R., (1966), Let Us Study the Operations, M: Mir, 280p.

[17] Leonard, J. Savage., (1972), The Foundations of Statistics, Wiley, New York, 1954, 2nd ed. Dover, New York,

310p.

[18] Paul, J.H., (1994), The expected utility model: its variants, purposes, evidence and limitations, Journal of

Economic Literature, June 1982, 20(2), pp.529-563.

[19] Peter, Wakker and Amos, Tversky, (1993), An axiomatization of cumulative prospect theory, Journal of Risk

and Uncertainty, 7(7), pp.147-176.

[20] Roberts, H. Risk, (1963), Ambiguity and the savage axioms: comment, Quarterly Journal of Economics, 77,

pp.327-336.

[21] Savage, L.J., (1954), The Foundations of Statistics, Wiley, New York.

[22] Schmeidler, D., (1989), Subjective probability and expected utility without additivity, Econometrita, 57(3),

pp.571-587.

[23] Schneeweiss, H., (1974), Probability and Utility-Dual Concepts in Decision Theory, In: G.Menges (ed.),

Information, Inference and Decision, Dordrecht: D.Reidel, pp.113-144.

[24] Setnes, M., (1997 NAFIPS ’97), Compatibility-based ranking of fuzzy numbers, Annual Meeting of the North

American Fuzzy Information Processing Society, pp.305-310.

[25] Utkin, L.E., (2005), Imprecise second-order hierarchical uncertainty model, International Journal of Uncer-

tainty, Fuzziness and Knowledge-Based Systems, 13(2), pp.177-193.

[26] Wakker, P.P., Zank, H., (1999), State dependent expected utility for Savage’s state space, Mathematics of

Operations Reseach, 24(1), pp.8-34.

[27] Wang, Z., Wang, W., (1995), Extension of lower probabilities and coherence of belief measures, Lect. Notes

Comput. Sc., 945, pp.62-69.

Rafik A. Aliev was born in Aghdam, Azerbai-

jan, 1942. He received the Ph.D. and Doctorate

degrees from the Institute of Control Problems,

Moscow, Russia, in 1967 and 1975, respectively.

His major fields of study are decision theory with

imperfect information, arithmetic of Z-numbers,

fuzzy logic, soft computing and control theory. He

is a Professor and the Head of the Department

of the joint MBA Program between the Georgia

State University (Atlanta, GA, USA) and the

Azerbaijan State University of Oil and Industry (Baku, Azerbaijan), and a Visiting Professor with the

University of Siegen, (Siegen, Germany) and with Near East University, (Nicosia, North Cyprus). He is

also an invited speaker in Georgia State University, (Atlanta, GA).

H.G. Hajiyev, for a photograph and biography, see TWMS J. Pure Appl. Math., V.7, N.2, 2016, p.217.



R.A. ALIEV et al: OPTIMAL DECISION MAKING FOR WELL INTERVENTIONS ... 81

Oleg H. Huseynov was born in Baku, Azer-

baijan, 1980. He received the Ph.D. degree at

the Institute of Control Systems of Academy of

Sciences of Azerbaijan (Baku) in 2012. His ma-

jor fields of study are decision theory with imper-

fect information, fuzzy logic, computation with Z-

numbers and stability theory. He is a Head of the

Research Laboratory of Intelligent Systems of De-

cision Making and Control in Industry and Eco-

nomics, Azerbaijan State University of Oil and

Industry.


